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Abstract. We investigate the energy spectrum for hybrid mechanical systems
described by non-parity-symmetric quantum Rabi models. A set of analytical solutions
in terms of the confluent Heun functions and their analytical energy spectrum
are obtained. The analytical energy spectrum includes regular and exceptional
parts, which are both confirmed by direct numerical simulation. The regular part
is determined by the zeros of the Wronskian for a pair of analytical solutions.
The exceptional part is relevant to the isolated exact solutions and its energy
eigenvalues are obtained by analyzing the truncation conditions for the confluent
Heun functions. By analyzing the energy eigenvalues for exceptional points, we obtain
the analytical conditions for the energy-level-crossings, which correspond to two-fold
energy degeneracy.
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1. Introduction
In recent years, hybrid mechanical systems in which a mechanical oscillator is coupled to
a microscopic quantum system, such as trapped atoms or ions, solid-state spin qubits, or
superconducting devices, have stimulated great interest (see, e.g., [1] for a recent review).
Typical hybrid mechanical systems include quantum dots [2, 3, 4], spin systems [5, 6],
superconducting circuits [7, 8, 9, 10] and atom-molecular systems [11, 12, 13, 14, 15].
Hybrid mechanical systems provide new approaches to controlling mechanical objects at
the level of quantum mechanics. Beyond their fundamental interest, hybrid mechanical
systems have promising applications in precision sensing, quantum engineering and
quantum information processing [1].
In most of the realistic hybrid mechanical systems, the dynamics of the microscopic
quantum system can be treated as a two-level system, and the vibration of the
mechanical oscillator acts as a bosonic mode. However, in contrast to a system composed
of an independent mechanical oscillator and an independent two-level system, in a hybrid
mechanical system the motion of the two-level system and the mechanical oscillator is
coupled together. It is thus necessary to obtain the energy spectra of the coupled system,
for which we look to the physics of the quantum Rabi model [16].
In quantum optics, the quantum Rabi model describes the simplest interaction
between matter and light. There has been considerable recent progress in the
investigation of this model. In 2011 Braak found an analytical solution and derived
the conditions for determining the energy spectrum [17, 18]. Since then, various aspects
of the quantum Rabi model have been discussed from the theoretical viewpoint [19,
20, 21, 22, 23, 24, 25, 26, 27]. Many generalized quantum Rabi models have been
studied, including a multi-photon Rabi model [28], two-mode Rabi model [29], multi-
atom Rabi model [30], an N -state Rabi model [31], and the asymmetric quantum Rabi
model with different coupling strengths for the counter-rotating wave and rotating wave
interactions [32, 33].
We have developed a method to obtain a set of analytical solutions for the simple
quantum Rabi model and have given the analytical conditions for determining its energy
spectrum [27]. In the present paper, we apply this method to obtain the analytical
energy spectrum for hybrid mechanical systems described by generalized quantum Rabi
models. A set of analytical solutions for the hybrid mechanical systems are given in
terms of the confluent Heun functions. The analytical conditions for determining the
energy spectrum are derived. It is shown that the zeros of the Wronskian of a pair
of analytical solutions give the energy spectrum except for some specific situations.
The exceptional parts of the energy spectrum are associated with isolated exact results
under certain special conditions. The explicit expressions for the exceptional parts are
obtained from the conditions under which the confluent Heun functions are terminated
as a finite series. Additionally, from these isolated exact results, we analytically obtain
the conditions for the occurrence of the level crossings of the energy spectrum. Our
analytical energy spectra are confirmed by direct numerical diagonalization.
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2. Hamiltonian
We consider a hybrid mechanical system in which the motion of the microscopic quantum
system involves only two states |↓〉 and |↑〉 far from other states. This two-level
microscopic quantum system is coupled to a mechanical oscillator. In different physical
setups, the coupling mechanisms are different. In most situations, the coupling is
realized by spatial-dependent electrostatic and/or magnetic fields. Therefore, the energy
separation E↓↑ between the two states |↓〉 and |↑〉 depends strongly on the external
fields. For example, considering a two-level microscopic quantum system coupled to an
oscillating electrode or a vibrating magnetic tip with a small displacement xˆ, the energy
separation E↓↑ may be expanded as
E↓↑(xˆ) = E
0
↓↑ +
∂E↓↑(xˆ)
∂xˆ
xˆ+
1
2
∂2E↓↑(xˆ)
∂xˆ2
xˆ2 + . . . (1)
with E0↓↑ being the energy separation at xˆ = 0. Usually, in the above series, the higher
order terms beyond the linear term are very small and their effects can be ignored [1].
As for a harmonic oscillator, one can express the displacement xˆ = x0(a
† + a) with the
zero-point displacement x0 =
√
~/(2ωm∗) and a pair of bosonic operators (a, a†), where
m∗ denotes the effective mass. Therefore, in units of ~ = 1, the hybrid mechanical
systems obey the Hamiltonian
H = H0(t) + ωa
†a+ gσz(a
† + a). (2)
Here H0 is the unperturbed Hamiltonian for the two-level system, ω is the oscillating
frequency, σz = |↑〉〈↑| − |↓〉〈↓| is the Pauli matrix for the two-level system, and
g = 1
2
x0
∂E↓↑(xˆ)
∂xˆ
is the coupling strength between the two-level system and the bosonic
mode.
In the hybrid mechanical system of a Cooper Pair Box (CPB) coupled to a gate
electrode via the gate capacitance Cg, the CPB works as a two-level quantum system
and it is a small superconducting island of Cooper pairs which are coherently coupled
to a large reservoir via a Josephson tunnel junction. Introducing the number operator
Nˆ for excess Cooper pairs on the island and the phase operator φˆ for the relative phase
across the Josephson junction, the CPB can be described by the Hamiltonian
HCPB = EC(Nˆ −Ng)
2 − EJ cos(φˆ), (3)
with EC the charging energy, EJ the Josephson energy, and the dimensionless gate
charge Ng = CgVg/(2e), which can be adjusted by the voltage Vg applied across the gate
capacitance Cg. In experiments, the dynamics of the CPB can be restricted to the two
energetically lowest charge states [34], such as |↓〉 = |N = n〉 and |↑〉 = |N = n + 1〉 for
Ng = n +
1
2
+ ∆Ng with ∆Ng < 1. Thus the CPB can be regarded as a spin-
1
2
particle
in an external magnetic field ~B, with
H0 = −
1
2
~B · ~σ = −
1
2
EJσx + EC∆Ngσz, (4)
where the effective magnetic field ~B = (Bx, By, Bz) = (EJ , 0,−2EC∆Ng) and the Pauli
matrices ~σ = (σx, σy, σz). This means that the transverse field Bx is just the Josephson
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tunneling strength and the longitudinal field Bz is determined by the energy separation
E↓↑ = EC∆Ng .
To introduce the coupling between the CPB and the mechanical oscillation,
according to E↓↑ = EC∆Ng and Ng = CgVg/(2e) = n +
1
2
+ ∆Ng , one may introduce a
spatial-dependent energy separation E↓↑(x) via a spatial-dependent capacitance Cg(x).
Replacing the gate electrode with a vibrating mechanical beam, the capacitance appears
as Cg(x) ≈ C
0
g (1 − x/d) with the beam displacement x and the gate separation d and
so ∆Ng = ∆
0
Ng − C
0
gVgx/(2ed). Expressing the displacement x in terms of the bosonic
operators (a, a†), this hybrid mechanical system is seen to be equivalent to a generalized
quantum Rabi model [7, 8]
H = ωa†a+ gσz(a
† + a)−∆σx + ǫσz , (5)
with ∆ = EJ/2, ǫ = EC∆
0
Ng , the mechanical oscillation frequency ω, and the
coupling strength g = 1
2
x0
∂E↓↑(x)
∂x
= −1
4
x0
ed
C0gVg, where x0 is the zero-point displacement
uncertainty of the mechanical gate electrode. By performing a π/2 rotation around the
y axis, the above Hamiltonian reads
HǫR = ωa
†a+ gσx(a
† + a) + ∆σz + ǫσx. (6)
Here the parity symmetry which couples the mechanical oscillator and the two-level
system is broken by the term ǫσx. We will thus concentrate our discussion on this
non-parity-symmetric quantum Rabi model.
3. Analytical energy spectrum
In this section, we present analytical results for the energy spectrum of Hamiltonian (6).
We do this by generalizing our recent method for the parity-symmetric quantum
Rabi model, for which ǫ = 0 [27]. The analytical solutions for the non-parity-
symmetric Hamiltonian (6) are also given in terms of the confluent Heun functions, and
corresponding analytical conditions for determining the energy spectrum are obtained.
Similar to the parity-symmetric quantum Rabi model [27], the energy spectrum of the
non-parity-symmetric quantum Rabi model includes two parts, namely the regular and
exceptional parts. The regular part can be be determined by the zeros of the Wronskian
for the corresponding solutions. However, the exceptional part has to be derived from
termination conditions for the confluent Heun functions in the corresponding solutions.
In particular, we show in Sec. 3.2 how the energy spectrum changes with the parity-
symmetry-breaking term. At ǫ = 0, a two-fold energy degeneracy corresponds to the
exceptional points. As ǫ is increased from 0 to ω/2, the pairs of initially degenerate
eigenvalues for the exceptional points at ǫ = 0 gradually separate. At ǫ = ω/2, the
separated exceptional points collide and form new degenerate points of energy.
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3.1. Eigenvalue problem
Following our recent method [27], the eigenstate |ψ〉 of the generalized quantum Rabi
model HǫR can be expressed as
|ψ〉 = ψ1(a
†) |0〉 |↓〉+ ψ2(a
†) |0〉 |↑〉 , (7)
where ψ1,2 are analytical functions of the creation operator a
†, and |0〉 is the vacuum
state. Substituting this expansion into the Schro¨dinger equation H|ψ〉 = E|ψ〉, we get
the eigenvalue equation
([H,ψ1] + ψ1H − Eψ1) |0〉 |↓〉+ ([H,ψ2] + ψ2H − Eψ2) |0〉 |↑〉 = 0. (8)
By applying the well-known relations a |0〉 = 0, [a†, ψ1,2] = 0 and [a, ψ1,2] = dψ1,2/da
†,
one finds that the two components ψ1,2 obey coupled operator-type differential equations
of the form
ωz
dψ1
dz
+ g
(
z +
d
dz
)
ψ2 +∆ψ1 + ǫψ2 = Eψ1, (9)
ωz
dψ2
dz
+ g
(
z +
d
dz
)
ψ1 −∆ψ2 + ǫψ1 = Eψ2. (10)
Obviously, all terms in this equation are mutually commutable. Similar to the analytical
treatment for Bose-Hubbard Hamiltonians [35, 36], the above operator-type differential
equations can be regarded as c-number differential equations.
Introducing the linear combinations ψ± =
1
2
(ψ1 ± ψ2), we have another pair of
coupled equations for ψ+(z) and ψ−(z),
dψ+
dz
=
E − ǫ− gz
z + g
ψ+ −
∆
z + g
ψ−, (11)
dψ−
dz
=
E + ǫ+ gz
z − g
ψ− −
∆
z − g
ψ+. (12)
Here and below, for brevity, we take ω = 1.
The above differential equations can be solved exactly following [27] (the details
are given in Appendix A). We obtain two sets of analytical solutions for ψ+ and ψ−,
ψ1+(z) = e
−gz HC
(
α1, β1, γ1, δ1, η1,
g − z
2g
)
, (13)
ψ1−(z) =
∆e−gz
E + g2 + ǫ
HC
(
α2, β2, γ2, δ2, η2,
g − z
2g
)
, (14)
and
ψ2+(z) =
∆egz
E + g2 − ǫ
HC
(
α1, γ1, β1,−δ1, η1 + δ1,
g + z
2g
)
, (15)
ψ2−(z) = e
gz HC
(
α2, γ2, β2,−δ2, η2 + δ2,
g + z
2g
)
, (16)
where
HC(α, β, γ, δ, η, x) =
∞∑
n=0
hnx
n (17)
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is the confluent Heun function [43, 44]. The coefficients hn of this special function are
determined by a three-term recurrence relation (see equation (A.8)). In comparison
with the first set of analytical solutions (ψ1+(z), ψ
1
−(z)), in the second set of analytical
solutions (ψ2+(z), ψ
2
−(z)), βj is interchanged with γj, δj changes sign, and ηj becomes
ηj + δj , where j = 1 and 2.
3.2. Energy spectrum
We now determine the analytical energy spectrum for the two sets of analytical solutions
(13)-(16). We have shown that although the sets of analytical solutions (ψ1+, ψ
1
−) and
(ψ2+, ψ
2
−) seem to have different forms, they are actually two linearly dependent solutions
(details are given in Appendix B). Since the two solutions are linearly dependent, their
Wronskian must be zero [44]. We therefore have (see equation (B.4) in Appendix B)
W ǫ+(E, z) := ψ
2
+
dψ1+
dz
− ψ1+
dψ2+
dz
= 0, (18)
and
W ǫ−(E, z) := ψ
2
−
dψ1−
dz
− ψ1−
dψ2−
dz
= 0. (19)
According to [17, 27], the conditions W ǫ±(E, z) = 0 hold for arbitrary values of z
if and only if E corresponds to an energy eigenvalue of the generalized quantum Rabi
model. Here we choose z = 0 as done in [17, 27]. The zeroes of W ǫ±(E, z) give the
regular parts of the energy spectrum. Note that because ψ1+(−z,−ǫ) = ψ
2
−(z, ǫ) and
ψ1−(−z,−ǫ) = ψ
2
+(z, ǫ), we have W
ǫ
+(E, z) = W
−ǫ
− (E,−z), so we only need discuss
W ǫ+(E, z).
The Wronskian W ǫ+(E, z) is shown as a function of E/ω for typical values of the
parameters in Fig. 1. For simplicity, we display only the finite range −1.5 ≤ E/ω ≤ 1.5.
It is observed that W ǫ+(E, z) has zeros as a function of E/ω, marked by circles in
the figure. In Fig. 1(d), we show the four lowest energy levels obtained by numerical
diagonalization. The circles in Fig. 1(d) correspond to the regular energy eigenvalues
shown in Fig. 1(a)-(c). It is clearly seen that for g/ω = 0.1 and 0.4, the zeros ofW ǫ±(E, z)
give all four lowest energy levels.
However, for g/ω = 0.2, the third – exceptional – energy level in Fig. 1(d), marked
by a black triangle, does not correspond to a zero point of W ǫ+(E, z) in Fig. 1(b). This
indicates that there exist exceptional energy eigenvalues which cannot be determined by
the zeros of W ǫ±(E, z). Actually, the exceptional energy eigenvalues correspond to the
analytical solutions with one divergent confluent Heun function and one finite series, as
we shall further explain below.
As shown in Appendix C, there are a set of conditions
hN+1 = 0, (20)
δ = −(N + (γ + β + 2)/2)α, (21)
with an integer N ≥ 0. Under these conditions, the confluent Heun function may
be terminated as a polynomial with N terms, as in equation (C.2). By applying the
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Figure 1. Plots of the WronskianW ǫ+(E, z) as a function of E/ω for ω = 1, ∆/ω = 0.8,
ǫ/ω = 0.1 and three different values of g/ω: (a) 0.1, (b) 0.2 and (c) 0.4. Part (d)
shows the corresponding energy spectrum as a function of g/ω. From left to right, the
vertical dashed lines in (d) correspond to g/ω = 0.1, 0.2 and 0.4, respectively. The
circles represent the zeros of W ǫ+(E, z). The black triangle denotes the exceptional
energy eigenvalue which does not correspond to W ǫ+(E, z) = 0.
conditions (20) and (21), one can give the explicit expressions for the corresponding
energy eigenvalues.
For the first set of analytical solutions (ψ1+, ψ
1
−), according to equations (20) and
(21), we have E+/ω = N+ − g
2/ω2 + ǫ/ω and hN++1(g,∆, ǫ) = 0 for ψ
1
+(z), and
E−/ω = N− − g
2/ω2 + 1 + ǫ/ω and hN−+1(g,∆, ǫ) = 0 for ψ
1
−(z). As ψ
1
+(z) and
ψ1−(z) are a set of analytical solutions for the same eigenstate, we have E+ = E− = E
which requires N+ = N− + 1. For example, for the simplest non-trivial case of N+ = 1
and N− = 0, we have the energy eigenvalue
E
ω
= 1−
g2
ω2
+
ǫ
ω
, (22)
for the parameter relation
∆2
ω2
+
4g2
ω2
= 1 +
2ǫ
ω
. (23)
The analytical solutions for this specific case are
ψ1+(z) =
(
1−
2g2
1 + 2ǫ
+
2gz
1 + 2ǫ
)
e−gz, (24)
ψ1−(z) =
∆
1 + 2ǫ
e−gz. (25)
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Using the relations ψ1 = ψ+ + ψ− and ψ2 = ψ+ + ψ− we obtain the explicit form
for the corresponding eigenstate,
|ψ〉 = eg
2/2
[(
1 +
∆− 2g2
1 + 2ǫ
)
|−g〉+
√
L1(−g2)
2g
1 + 2ǫ
|−g, 1〉
]
|↓〉
+ eg
2/2
[(
1−
∆+ 2g2
1 + 2ǫ
)
|−g〉+
√
L1(−g2)
2g
1 + 2ǫ
|−g, 1〉
]
|↑〉 ,(26)
for which |−g〉 denotes the coherent state, |−g,m〉 denotes the photon added coherent
state, and Lm(x) is the Laguerre polynomial of order m. If N+ = 2 and N− = 1, we
have the energy eigenvalue
E
ω
= 2−
g2
ω2
+
ǫ
ω
, (27)
for the parameter relation
64g2
ω2
+
∆4
ω4
+
4∆2
ω2
+ 4−
(
16g2
ω2
+
3∆2
ω2
−
8ǫ
ω
− 6
)2
= 0. (28)
However, the forms of the corresponding analytical solutions are more complicated, and
thus we do not give them here.
Similarly, for the second set of analytical solutions (ψ2+, ψ
2
−), we have E+/ω =
N++1−g
2/ω2− ǫ/ω and hN++1(g,∆, ǫ) = 0 for ψ
2
+, and E−/ω = N−−g
2/ω2− ǫ/ω and
hN−+1(g,∆, ǫ) = 0 for ψ
2
−. In this situation, the same energy eigenvalue E+ = E− = E
for ψ2+ and ψ
2
− requires N− = N+ + 1. For the simplest case of N+ = 0 and N− = 1, we
have the energy eigenvalue
E
ω
= 1−
g2
ω2
−
ǫ
ω
, (29)
for the parameter relation
∆2
ω2
+
4g2
ω2
= 1−
2ǫ
ω
. (30)
The corresponding analytical solutions are
ψ2+(z) =
∆
1− 2ǫ
egz, (31)
ψ2−(z) =
(
1−
2g2
1− 2ǫ
−
2gz
1− 2ǫ
)
egz, (32)
with corresponding eigenstate
|ψ〉 = eg
2/2
[(
1 +
∆− 2g2
1− 2ǫ
)
|g〉 −
√
L1(−g2)
2g
1− 2ǫ
|g, 1〉
]
|↓〉
− eg
2/2
[(
1−
∆+ 2g2
1− 2ǫ
)
|g〉 −
√
L1(−g2)
2g
1− 2ǫ
|g, 1〉
]
|↑〉 . (33)
In the case of N+ = 1 and N− = 2 the energy eigenvalue is
E
ω
= 2−
g2
ω2
−
ǫ
ω
, (34)
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for the parameter relation
64g2
ω2
+
∆4
ω4
+
4∆2
ω2
+ 4−
(
16g2
ω2
+
3∆2
ω2
+
8ǫ
ω
− 6
)2
= 0. (35)
It is evident that for the eigenstates of the terminated confluent Heun functions,
from equations (22), (27), (29) and (34), their energy eigenvalues can be expressed in
the unified form
E±N
ω
= N −
g2
ω2
±
ǫ
ω
, (36)
with positive integers N . It is well-known that the parity-symmetric quantum Rabi
model (ǫ = 0) exhibits Judd isolated exact analytical solutions under specific relations
between ∆/ω and g/ω [37]. Here our analytical results show that, for the non-
parity-symmetric quantum Rabi model (ǫ 6= 0), there still exist similar isolated
exact solutions. These analytical solutions are holomorphic over the whole complex
plane [38, 39, 40, 41, 42]. Recall that in Fig. 1 (b) and (d), we saw an exceptional
point which does not correspond to a zero of W ǫ+(E, z). The particular chosen set
of parameters (ω = 1, g/ω = 0.2, ∆/ω = 0.8, ǫ/ω = 0.1) satisfy the relation
∆2/ω2 + 4g2/ω2 = 1 − 2ǫ/ω. Thus, according to equation (29), this exact energy
eigenvalue is E/ω = 1− g2/ω2 − ǫ/ω = 0.86, which is the exceptional value marked by
the black triangle in Fig. 1.
In general the energy separation between exceptional points with the same integer
N is determined by the parity-breaking term. According to equation (36), for two
exceptional points with the same N , the energy separation is given by
E+N − E
−
N = 2ǫ. (37)
This means that the two exceptional points gradually separate as the parity-breaking
term ǫ increases.
For some specific values of ǫ, exceptional points with different N may form
degenerate points with the same energy. Given
E+N1
ω
= N1 −
g2
ω2
+
ǫ
ω
, (38)
and
E−N2
ω
= N2 −
g2
ω2
−
ǫ
ω
, (39)
i.e., two exceptional points with opposite sign of ǫ, it is easy to find E+N1 = E
−
N2
when
ǫ = 1
2
(N2 − N1)ω. The two exceptional points thus form a two-fold degenerate point
of energy when ǫ is an integer multiple of 1
2
ω. These analytical results give a direct
demonstration of Braak’s argument for the energy level crossings at ǫ/ω = N/2 [17].
To clearly illustrate our results for the two-fold degenerate exceptional points,
consider as an example the case N1 = 1 and N2 = 2. From equations (22) and (34),
E+1 = E
−
2 =
(
3
2
− g
2
ω2
)
ω if ǫ/ω = 1
2
. More importantly, the two-fold degeneracy requires
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that the parameter relations for E+1 =
(
3
2
− g
2
ω2
)
ω and E−2 =
(
3
2
− g
2
ω2
)
ω are valid
simultaneously. From equation (23) the parameter relation for E+1 is
ǫ
ω
=
1
2
(
∆2
ω2
+
4g2
ω2
− 1
)
. (40)
Substituting this equation in the parameter relation (35) for E−2 yields
64g2
ω2
+
∆4
ω4
+
4∆2
ω2
+ 4−
(
16g2
ω2
+
3∆2
ω2
+
8ǫ
ω
− 6
)2
= −16
(
∆2
ω2
+
4g2
ω2
− 2
)(
3∆2
ω2
+
16g2
ω2
− 3
)
(41)
which clearly vanishes when ǫ/ω = 1
2
, for which the parameter relation (40) for E+1
becomes
∆2
ω2
+
4g2
ω2
= 2. (42)
This ensures the validity of the parameter relation (35) for E−2 . We have thus seen that
under the conditions ǫ/ω = 1
2
and ∆2/ω2 + 4g2/ω2 = 2, the simultaneous validity of
the parameter relations for E+1 and E
−
2 indicates the degeneracy of the two exceptional
points. In principle, we can obtain all possible conditions for level-crossings with the
help of the termination conditions for the confluent Heun functions.
In Fig. 2 we show the energy spectrum of the ten lowest energy levels as a function
of g/ω for different values of ǫ/ω. For the parity-symmetric case (ǫ/ω = 0) the energy
spectrum shows several level crossings at the exceptional points. These level crossings
are related to Judd’s isolated solutions. Here we discuss two sets of them, marked
by circles and triangles. The circles denote the exact energy eigenvalues given by
equations (22) and (29), and the triangles denote the exact energy eigenvalues given by
equations (27) and (34). For ǫ/ω = 0, the energy eigenvalues are two-fold degenerate, as
shown in Fig. 2(a). As ǫ/ω increases, the two-fold degeneracy is broken and the energy
level crossings become anti-crossings, see Fig. 2(b) and Fig. 2(c). The arrows denote
the direction of separation of the exceptional points as ǫ/ω increases. In particular,
when ǫ/ω → 1
2
, the two lowest exceptional points meet at g/ω = 1
2
√
2− ∆
2
ω2
≈ 0.583
(see equation (42)) and form a new two-fold degenerate energy point, as indicated in
Fig. 2(d).
We now explain the occurrence of the exceptional points by analyzing the confluent
Heun functions in (ψ1+, ψ
1
−) and (ψ
2
+, ψ
2
−). According to equations (A.8) and (A.9),
the confluent Heun function HC(α, β, γ, δ, η, x) becomes divergent if A(N) = 0, which
requires a negative integer β = −N . On the other hand, we know that under the
conditions (20) and (21), the confluent Heun function HC(α, β, γ, δ, η, g−z
2g
) is a finite
series. Now in comparing the two confluent Heun functions in ψ1+(z) and ψ
2
+(z), γ1 is
interchanged with β1. According to the truncation conditions (20) and (21) and the
parameter relations given in the text below equation (A.5), if ψ1+(z) has a truncated
confluent Heun function HC(α1, β1, γ1, δ1, η1,
g−z
2g
), we have E/ω = N1 − g
2/ω2 + ǫ/ω,
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Figure 2. Energy spectrum of the non-parity-symmetric quantum Rabi model as a
function of g/ω with ω = 1 and ∆/ω = 0.8 for the values (a) ǫ/ω = 0 (b) ǫ/ω = 0.1 (c)
ǫ/ω = 0.15 and (d) ǫ/ω = 0.5. The circles and triangles denote the energy eigenvalues
given by equations (22) and (34), respectively.
β1 = −(E/ω + g
2/ω2 + ǫ/ω + 1) = −(N1 + 1 + 2ǫ/ω) and γ1 = −(E/ω − ǫ/ω +
g2/ω2) = −N1. Therefore, since γ1 = −N1 is a negative integer, the confluent
Heun function HC(α1, γ1, β1,−δ1, η1+ δ1,
g+z
2g
) in ψ2+(z) is divergent and ψ
2
+(z) becomes
a non-physical solution. This means that, corresponding to the energy eigenvalue
E/ω = N1 − g
2/ω2 + ǫ/ω, ψ1+(z) has a truncated confluent Heun function and ψ
2
+(z) is
a non-physical solution.
Similarly, according to the truncation conditions (20) and (21) and the parameter
relations given in the text below (A.5), if ψ2+(z) has a truncated confluent Heun function
HC(α1, γ1, β1,−δ1, η1 + δ1,
g+z
2g
), we have E/ω = N2 − g
2/ω2 − ǫ/ω, β1 = −N2 and
γ1 = −(N2 − 2ǫ/ω). Therefore, since β1 = −N2 is a negative integer, the confluent
Heun function HC(α1, β1, γ1, δ1, η1,
g−z
2g
) in ψ1+(z) is divergent and ψ
1
+(z) becomes a non-
physical solution. This means that, corresponding to the energy eigenvalue E/ω =
N2 − g
2/ω2 − ǫ/ω, ψ2+(z) has a truncated confluent Heun function and ψ
1
+(z) is a non-
physical solution.
Summarizing the above analysis of the confluent Heun functions, for the exceptional
points whose energy eigenvalues are expressed as E/ω = N − g2/ω2 + ǫ/ω or E/ω =
N−g2/ω2−ǫ/ω, one of the two confluent Heun functions for a specific N is a finite series
and the other is divergent. Therefore, in this case the two sets of analytical solutions
(ψ1+, ψ
1
−) and (ψ
2
+, ψ
2
−) are not linear dependent solutions and the corresponding energy
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eigenvalues do not correspond to the zeros of the Wronskian W ǫ±(E, z) (recall Fig. 1).
4. Conclusion
In conclusion, we have presented an analytical energy spectrum for hybrid mechanical
systems described by non-parity-symmetric quantum Rabi models. We have given
their analytical solutions in terms of the confluent Heun functions and derived the
conditions for determining the energy spectrum. Due to the absence of the parity
symmetry, the Hilbert space does not separate into two subspaces and there is no
energy-level degeneracy, except for ǫ = Nω/2 with integer numbers N . Similar to the
parity-symmetric quantum Rabi model, the energy spectrum still includes regular and
exceptional parts. The regular parts are determined by the zeros of the Wronskian for
the corresponding analytical solution. Under some specific conditions, the systems admit
exactly analytical energy levels and eigenstates in closed form. They are systematically
found from the conditions under which the confluent Heun functions are terminated as
a polynomial. These analytical results correspond to the exceptional parts of the energy
spectrum. The analytical conditions for the level crossings for the hybrid mechanical
systems have also been found.
We note that there exist two other different methods for determining the energy
spectrum of the generalized Rabi models. In Ref. [17], the energy spectrum has been
obtained by embedding this model into a larger system possessing a parity symmetry.
In Ref. [45], the Bogoliubov operator method has been used. The Bogoliubov operator
method is essentially similar to our method [27], but the condition for determining
the energy spectrum is different from the one given here. Naturally, all methods give
the same regular parts of the energy spectrum. With the help of the confluent Heun
functions, it seems that our method can more simply find all isolated eigenstates and
their energy eigenvalues associated with the exceptional parts of the energy spectrum in
a systematic way. In particular, these isolated exact results allow us to better understand
the conditions for the level crossings of this non-parity-symmetric model [17].
Beyond the hybrid mechanical systems, our analytical results hold for all systems
described by the generalized quantum Rabi model Hamiltonian (6). The model can
not only be realized by the superconducting devices outlined in Sec. 2, but also can
be realized by several other systems, such as a single ultracold ion in a spin-dependent
Paul trap [14], individual ultracold atoms in spin-dependent optical lattices [46], and
a suspended carbon nanotube quantum dot [47]. For example, for the case of a single
trapped ultracold ion, the term ωa†a is created by a linear Paul trap, the coupling term
gσz(a
†+ a) can be realized by a gradient magnetic field, and the other two terms −∆σx
and ǫσz may be realized by Raman coupling between the two involved hyperfine levels
of the ion. Our results should be of use to calculate relevant physical properties for such
models.
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Appendix A. Derivation of equations (13)-(16)
Here we give the details of the derivation of equations (13)-(16). By eliminating ψ+ and
ψ− from equations (11) and (12), we obtain two second-order differential equations for
ψ+(z) and ψ−(z),
d2ψ+
dz2
+ p+(z)
dψ+
dz
+ q+(z)ψ+ = 0, (A.1)
d2ψ−
dz2
+ p−(z)
dψ−
dz
+ q−(z)ψ− = 0, (A.2)
with
p±(z) =
(1− 2E − 2g2)z − (2ǫ± 1)g
z2 − g2
,
q±(z) =
−g2z2 − (2ǫ∓ 1)gz + E2 − g2 − ǫ2 −∆2
z2 − g2
.
Equations (A.1) and (A.2) admit two different types of solutions, which we write as
Type-I: ψ±(z) = e
−gzφ1,2(x1), (A.3)
Type-II: ψ±(z) = e
gzφ3,4(x2), (A.4)
where x1 = (g − z)/2g and x2 = (g + z)/2g.
Substituting ψ+(z) = e
−gzφ1(x1) into equation (A.1), leads to a confluent Heun
equation for φ1(x1)
d2φ1
dx21
+
(
α1 +
β1 + 1
x1
+
γ1 + 1
x1 − 1
)
dφ1
dx1
+
µ1x1 + ν1
x1(x1 − 1)
φ1 = 0, (A.5)
where µ1 = δ1 + α1(β1 + γ1 + 2)/2 and ν1 = η1 + β1/2 + (γ1 − α1)(β1 + 1)/2. The other
parameters are α1 = 4g
2, β1 = −(E+ ǫ+ g
2+1), γ1 = −(E− ǫ+ g
2), δ1 = −2(1−2ǫ)g
2,
and η1 = −3g
4/2 + (1 − 2E − 4ǫ)g2/2 + (E2 + E − ǫ2 + ǫ − 2∆2 + 1)/2. Now if
−β1 = (E+ ǫ+g
2+1) is not zero or a negative integer, the confluent Heun equation has
two linearly independent local Frobenius solutions around x1 = 0 of the form [43, 44]
φ11(x1) = HC(α1, β1, γ1, δ1, η1, x1), (A.6)
φ21(x1) = x
−β1
1 HC(α1,−β1, γ1, δ1, η1, x1), (A.7)
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where HC(α1, β1, γ1, δ1, η1, x1) =
∑∞
n=0 hnx
n
1 is the confluent Heun function. The
coefficients hn obey the three-term recurrence relation
hn = B(n)hn−1/A(n) + C(n)hn−2/A(n) (A.8)
for n ≥ 1, with the initial conditions h0 = 1 and h−1 = 0. Here A(n), B(n), and C(n)
are given by
A(n) = (n + β1)n, (A.9)
B(n) = n2 + (β1 + γ1 − α1 − 1)n+ η1 − β1/2
+ (γ1 − α1)(β1 − 1)/2, (A.10)
C(n) = δ1 + α1(β1 + γ1)/2 + α1(n− 1). (A.11)
If both φ11(x1) and φ
2
1(x1) are physically acceptable solutions, they must be entire
functions over the whole complex plane. The solution φ11 satisfies such a requirement,
at least formally, since φ11 is a series for x1 = (g − a
†)/2g. However, φ21 represents a
physical solution only when −β1 is a positive integer because of the presence of the term
x−β11 . The parameter −β1 = E + g
2+ ǫ+1 is clearly related to the physical parameters
E, g and ǫ. Only under special conditions for E, g, and ǫ, is −β1 a positive integer, and
thus represents a physical solution. Therefore, in general, we use only φ11 to construct
the final solution for ψ+(z)
ψ1+(z) = C1e
−gzHC
(
α1, β1, γ1, δ1, η1,
g − z
2g
)
, (A.12)
where C1 is a constant to be determined.
For the transformation ψ−(z) = e
−gzφ2(x1), we find after a straightforward
calculation that φ2(x1) also satisfies a confluent Heun equation
d2φ2
dx21
+
(
α2 +
β2 + 1
x1
+
γ2 + 1
x1 − 1
)
dφ2
dx1
+
µ2x1 + ν2
x1(x1 − 1)
φ2 = 0, (A.13)
where µ2 = δ2 + α2(β2 + γ2 + 2)/2 and ν2 = η2 + β2/2 + (γ2 − α2)(β2 + 1)/2. In
this case, different parameters appear in the confluent Heun equation. They are given
by α2 = 4g
2, β2 = −(E + ǫ + g
2), γ2 = −(E − ǫ + g
2 + 1), δ2 = 2(1 + 2ǫ)g
2, and
η2 = −3g
4/2− (3 + 2E + 4ǫ)g2/2 + (E2 + E − ǫ2 − ǫ− 2∆2 + 1)/2. Similarly, we have
the solution for ψ−(z) in the form
ψ1−(z) = C2e
−gzHC
(
α2, β2, γ2, δ2, η2,
g − z
2g
)
, (A.14)
where C2 is a constant. The two constants C1 and C2 are determined by the requirement
that they must satisfy either equation (11) or (12). Here we use equation (12) due to
the presence of the term z − g in the denominators. Substituting ψ+(z) and ψ−(z) into
equation (12), it is easy to find C2/C1 = ∆/(E + g
2 + ǫ).
On the other hand, if we introduce another variable x2 = (g + z)/2g = 1 − x1
and the transformation ψ± = e
gzφ3,4(x2), one may find different forms of the solutions.
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After substitution of ψ±(z) = e
gz φ3,4(x2) into equations (A.1) and (A.2), we find that
φ3,4(x2) obey the confluent Heun equations
d2φ3,4
dx22
+
(
α3,4 +
β3,4 + 1
x2
+
γ3,4 + 1
x2 − 1
)
dφ3,4
dx2
+
µ3,4x2 + ν3,4
x2(x2 − 1)
φ3,4 = 0, (A.15)
where µ3,4 = δ3,4+α3,4(β3,4+γ3,4+2)/2 and ν3,4 = η3,4+β3,4/2+(γ3,4−α3,4)(β3,4+1)/2.
The parameter relations are given by α3,4 = α1,2, β3,4 = γ1,2, γ3,4 = β1,2, δ3,4 = −δ1,2
and η3,4 = η1,2 + δ1,2. Using similar working as for ψ
1
+ and ψ
1
−, we obtain the analytical
solutions for ψ+(z) and ψ−(z) in a different form,
ψ2+(z) = D1e
gzHC
(
α1, γ1, β1,−δ1, η1 + δ1,
g + z
2g
)
, (A.16)
ψ2−(z) = D2e
gzHC
(
α2, γ2, β2,−δ2, η2 + δ2,
g + z
2g
)
, (A.17)
where D1/D2 = ∆/(E + g
2 − ǫ) can be determined by substituting ψ+(z) and ψ−(z)
into equation (11).
The constants C1 and D2 are determined by the normalization of the wavefunctions.
Here for simplicity, we choose C1 = D2 = 1. Therefore, equations (A.12) and (A.14)
correspond to equations (13) and (14), and equations (A.16) and (A.17) correspond to
equations (15) and (16).
Appendix B. Demonstration of linear dependence between two sets of
analytical solutions
The two sets of analytical solutions (ψ1+, ψ
1
−) and (ψ
2
+, ψ
2
−) seem to have different forms.
However, it can be shown that they are actually linearly dependent. Here we take ψ1+
and ψ2+ as an example to demonstrate this relation. If we further change the variable
x = 1− x1 in equation (A.5), it becomes
d2φ1
dx2
+
(
−α1 +
β1 + 1
x− 1
+
−γ1 + 1
x
)
dφ1
dx
+
−µ1x+ µ1 + ν1
x(x− 1)
φ1 = 0 (B.1)
which is another version of the confluent Heun equation. This implies that under
the transformation x = 1 − x1, the parameters transform according to the relations
α1 → −α1, β1 → γ1, γ1 → β1, δ1 → −δ1, and η1 → η1 + δ1. It is evident that the
solution for ψ+ may also be expressed as
ψ1+ = C
′
1 e
−gz HC(−α1, γ1, β1,−δ1, η1 + δ1, 1− x1) (B.2)
where C ′1 is a constant. With x2 = 1−x1 = (g+ z)/2g and making use of the result [44]
HC(α, β, γ, δ, η, z) = e−αHC(−α, β, γ, δ, η, z), we have
ψ1+ = C
′
1 e
2g2+gz HC
(
−α1, γ1, β1,−δ1, η1 + δ1,
g + z
2g
)
. (B.3)
The argument is that ψ1+ and ψ
2
+ are thus linearly dependent, because we only performed
the change of variable. The linear dependence relation also applies for ψ1− and ψ
2
−.
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For a pair of functions ϕ1(z) and ϕ2(z), their Wronskian is defined as
W (ϕ1, ϕ2) := ϕ1
dϕ2
dz
− ϕ2
dϕ1
dz
. (B.4)
If ϕ1(z) and ϕ2(z) are linearly dependent, their Wronskian vanishes identically [44].
Therefore, as (ψ1+, ψ
1
−) and (ψ
2
+, ψ
2
−) are linearly dependent, their Wronskian must be
zero.
Appendix C. Derivation of equations (20) and (21)
Here we present the details of the derivation of the conditions (20) and (21). Under the
condition
hn = 0 if n > N, (C.1)
the confluent Heun function (17) clearly reduces to a polynomial of N terms,
HC(α, β, γ, δ, η, x) =
N∑
n=0
hnx
N . (C.2)
According to the recurrence relation (A.8), we must have
hN+2 = B(N + 2)hN+1/A(N + 2) + C(N + 2)hN/A(N + 2). (C.3)
So given condition (20), namely hN+1 = 0, the condition hN+2 = 0 requires
C(N + 2) = 0 (C.4)
which gives the condition (21), namely δ = −(N + (γ + β + 2)/2)α. From repeated use
of the recurrence relation (A.8) with hN+1 = 0 and hN+2 = 0, it is easy to find that
hn = 0 if n > N . Therefore, under the conditions given by equations (20) and (21), the
confluent Heun function becomes a finite series.
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